Perfectly matched layers for the convected Helmholtz equation by Bécache, Eliane et al.
HAL Id: inria-00071896
https://hal.inria.fr/inria-00071896
Submitted on 23 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
Perfectly matched layers for the convected Helmholtz
equation
Eliane Bécache, Anne-Sophie Bonnet-Ben Dhia, Guillaume Legendre
To cite this version:
Eliane Bécache, Anne-Sophie Bonnet-Ben Dhia, Guillaume Legendre. Perfectly matched layers for
the convected Helmholtz equation. [Research Report] RR-4690, INRIA. 2003. ￿inria-00071896￿
IS
S
N
 0
24
9-
63
99
   
   
 IS
R
N
 IN
R
IA
/R
R
--
47
00
--
F
R ap por t  
de  r ech er ch e 
THÈME 4
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
Perfectly matched layers for the convected Helmholtz
equation
Eliane Bécache — Anne-Sophie Bonnet-Ben Dhia — Guillaume Legendre
N° 4690
Janvier 2003
Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)
Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30
 	

	
 !#"	$
	%	&'
(	)+*
,!
-.0/013246587:9;1<9=4;>@?BA224DC&EF3G=/04H5#F3224JI&C5#4J2LK=/M1ONP?Q6R/0.S.M13RTU4V4JWO4:2BXYZ4:[
\^]`_badcfehgji<klamonqp:rskut;vwcbrt;xorskla6kuy&p:rskut;v
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~	t:scbr#8v z cy
#p:xoxBt;sr z cfc|&]`cb|]`cvegp:v3kucb8gxp:cy
H D:of v6rs]okuyxp:xBcbD< ¡c¢xot;xBty&c¢p:v z p:vp:nl{3£Dcxcb'¤Mc|brsnl{haHp:r|]`c z p:¥`yt;s¥oklvonqp{cby¤Mt;¡pfxot;¥O¦
nucba§t:¤¡rskladcP]p:sadt;voku|dp;|t;m`ysrsku| ¨pDcyfxot;xp:p:rsklvo©klvªp z m`|br+klv«xocy&cbv`|ct:¤¡pHmovok¬¤­t;sa¯®t° ²±+\^]`c
p:¥`yt;s¥oklvoªnqp{cbydp:c z cysklv`c z ¤Mt;rs]`c³xocyysmocH´cbn z y&p:rskuy'¤M{<klvowrs]`c@|t;vc|brc z y|Dp:nqp:hµ8cbnla6]`t;nlrs£
c¶mp:rskut;v±¸· z k¬¹H|bmonlrº{|t;a6xp:c z rt»rs]`cµ#cbnla6]`t;nlrs£«c¶<mp:rskut;v|t;adcy6¤Mt;a¼rs]`c½xocycbv`|c«t:¤²yt:¦
|Dp:nlnuc z klvcbyc³mox`ysrscDp:a¾adt z cy ]oku|]¿¥c|t;adc@mov`ysr&p:¥onucklv`ysrcDp z t:¤¢cb;p:v`cy|cbv<rD	 klrs]Lrs]`c³|bnqp;yyk¬¦
|Dp:nÀ¨ÁbcbvocbDÂÃy6~Ä«Åy°±ªÆcHklv<rst z m`|c©]`cbc½pUv`cb Ç~Ä«ÅÈadt z cbn^ ]oku|]¿aHp:Écydp:nln¨t;morst;klvo» ^pcy
cb;p:v`cy&|cbvrD±8ÆcPrs]`cbv»p:vp:nl{3y&cPrs]`ccbst; z m`crt³rs]`c²rssmov`|Dp:rskut;vt:¤rs]`c z t;aHp:klvªp:v z xotDcrs]p:r#rs]`c
|t;vcbscbv`|c6kuyfcZ}Oxt;v`cbvrskqp:n	 klrs]ªcysxc|br#rt@rs]`c6yskl£Dct:¤¡rs]`cnqpD{cbyD¤­t;8¥t;rs]ªrs]`c6|bnqp;yysku|Dp:np:v z rs]`c
v`cb ~ÄwÅadt z cbnuyD±	Ê8moadcbsku|Dp:n$p:nlk z p:rskut;v`y8p:c#´`vp:nlnl{©xocycbvrc z ±
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  Ê#t;m`y¢xot;xtyt;v`y+cbrfp:vp:nl{3yt;v`y z cy+|t;m`|]`cy²p:¥`yt;s¥p:v<rcy+xp:'¤­p:klrcbadcbv<r²p z p:xorÁcy+xBt;mo
movÈxot;¥onu_badc z cwxot;xp:p:rskut;v z ÂÃt;v z cyUp;|t;m`ysrsku¶<m`cy½cbvÈÁbkladcª]p:sadt;voku¶m`c z p:v`y©mov |t;v z moklr½cbv
xoÁycbv`|c z Â movUÁ|t;monucbadcbvr#movok¬¤Mt;sadc±Åcy¢|t;m`|&]`cy8p:¥`yt;s¥p:v<rcy8yt;v<r¢|t;v`ysrssmoklrcy¢xBt;monuc²|&]p:a6x z c
xocyykut;v«y&p:rskuy'¤Øp:kuy&p:v<rnØÂÃÁ¶mp:rskut;v z cPµ#cbnla6]`t;nlrs£|t;v<c|brÁc±8v`c z k¬¹H|bmonlrÁxp:¢&p:xoxt;srhnØÂÃÁ¶<mp:rskut;v
z c@µ8cbnla6]`t;nlrs£xot°<kucbv<r z cdnqpUxoÁycbv`|c z cHadt z cy z klry6p:adt;v<rklv<cbycyh¶mok z cb<kucbvov`cbv<rhklv`ysr&p:¥onucyD
p:mnlkucbm z ÂbrscPÁbp:v`cy|cbvryDBpc|fnuc²adt z _bnuc²|bnqp;y&ysku¶m`c z c²À^ÁbcbvocbD±¡Ê#t;m`yklvrst z mokuyt;v`y8mov½v`t;mocDp:m
adt z _bnuc z c|t;m`|]`cy°<¶<mokocbv z rt;morcy	nucyt;v z cy¡yt;sr&p:vrcy¡Áb;p:v`cy&|cbvrcyD±ÅÂÃcbscbmo z m`c#nqp#rst;v`|Dp:rsmoc
z m z t;aHp:klv`c¡cyr p:nut;yp:vp:nl{3yÁc¨cbr$v`t;m`yxot;mot;v`y¶m`cnqp|t;v<cbscbv`|ccysrcZ}OxBt;v`cbv<rskucbnlnucxp: &p:xoxt;sr
nqp8r&p:klnlnuc z cy	|t;m`|]`cy°8nqp¤­t;kuy xBt;monuc¨adt z _bnuc¨|bnqp;y&ysku¶m`c^cbrxt;mo nuc¨v`t;mocDp:m6adt z _bnuc±+cyp:nlk z p:rskut;v`y
v<moadÁbsku¶m`cy#yt;vr´`vp:nucbadcbvr¢xoÁy&cbvrÁcyD±
 Ð D Î   ª t;v z cyfp;|t;m`ysrsku¶<m`cyDÁ¶mp:rskut;v z chµ8cbnla6]`t;nlrs£h|t;vc|brÁcàadt z cy z c|t;v z moklrDà|t;m`|&]`cy
p:¥`yt;s¥p:v<rcy¢xp:'¤Øp:klrcbadcbvr+p z p:xorÁcyD`klv`yr&p:¥oklnlklrÁy
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\^]`cP~ cb'¤Mc|brsnl{Äªp:r|]`c z Å$pD{cby`_M~Ä«Åy!a^]pcP¥Bccbv«klvrst z m`|c z ¥<{À^ÁbcbvocbcbÝedklv«t; z cb¢rt z cyklv
cZ¹H|bkucbvr+vmoadcbsku|Dp:np:¥`yt;s¥oklvo@¥t;mov z p:s{U|t;v z klrskut;v`y(_0adt;ccZ}`p;|brsnl{«p:¥`yt;s¥oklvo@nqp{cbyfa¤­t;¢rs]`c|t;ah¦
xomor&p:rskut;vt:¤rskladcZ¦ z cbxcbv z cbvr¢y&t;nlmorskut;v`yt:¤ ÄªpJ}3 ¨cbnlnØÂÃyc¶mp:rskut;v`yklv©mov<¥Bt;mov z c z½z t;aHp:klv`yD±\^]`cb{H]pc
¥Bccbv½p:xoxonlkuc z klv³v<moadcbt;m`yp:xoxonlku|Dp:rskut;v`yysklv`|crs]`cbv3adtysr¨klvHrskladc z t;aHp:klvgb e`3COBO<dB¥omor^p:nuy&t²¤­t;
rskladcZ¦Ø]p:sadt;voku|P ^pcZ¦ØnlklÉcc¶mp:rskut;v`ycbÝihOj@PBedº±
 v½xp:srsku|bmonqp:DoxBcb'¤­c|brsnl{@aHp:r|]`c z nqpD{cby]pc²¥Bccbv½m`yc z ¤­t;rs]`c+cyt;nlmorskut;vklv½rs]`c+rskladc z t;aHp:klv
t:¤8rs]`c@nlklv`cDp:skl£Dc zlk monucbdc¶<mp:rskut;v`ymbA@Don@Doo@DOedº ]oku|] adt z cbnlkl£Dc©rs]`c©p;|t;m`yrsku|©xot;xp:p:rskut;v klv
xocycbv`|cHt:¤¨®tD ²±  vrs]p:rP|Dp;ycklr²]p;yP¥Bccbv t;¥`y&cbsc z rs]p:rPxcb'¤Mc|brsnl{ªaHp:r|&]`c z nqpD{cbyP|Dp:v nucDp z rt
klv`ysr&p:¥oklnlklrskucyD z m`cfrtdrs]`c²xocycbv`|cPt:¤	 ¨pDcy# ]`tycfxo]p;ycp:v z t;moxUcbnut3|bklrskucy¢]pDcPt;xoxtysklrcPyklv`y
bÝdp_MyccqbÝd¤­t; pcbv`cb&p:nOp:vp:nl{Oyskuy t:¤Ors]okuyxo]`cbv`t;adcbv`t;vraZ±i3t;adcrc|&]ovoku¶m`cy ]pDc´`ysr¥Bccbv z cbcbnut;xBc z
klv³t; z cb¡rtPtDcb|t;adc#rs]okuy z k¬¹H|bmonlrº{OaHp:É3klvoPrs]`cnqpD{cby¥c|t;adc#ysr&p:¥onuc¥omorD<movO¤Mt;srsmovp:rcbnl{3v`tPadt;c
xBcb'¤­c|brsnl{©aHp:r|]`c z bA@Dos@!dº±Äwt;cfc|cbv<rsnl{`k z cDp;y¤­t; z cysklvoklvo@ysr&p:¥onuc²~ÄwÅy¤Mt;rs]okuyxot;¥onucba ]pc
cbadcbsc z ¤Mt;a y&cbcb&p:norcDp:ady	klv z cbxBcbv z cbv<rsnl{±\^]`cyc^v`cb  p:xoxotp;|&]`cyD ]oku|&]Hyccba rt+¥c¡cbs{|bnutycbnl{
cbnqp:rc z :]pc	¥ccbv z cbcbnut;xc z ¤Mt;$rskladcZ¦ z cbxBcbv z cbv<rp:xoxonlku|Dp:rskut;v`yklvtbÝo@@@bed3p:v z ¤Mt;àrskladcZ¦Ø]p:sadt;voku|
p:xoxonlku|Dp:rskut;v`yklv©rs]`c+xocycbv<rxp:xBcbD±\^]`cy&c z k%ucbcbv<r ¡t;sÉOy¢p:nln z cDp:nà klrs]½rs]`cf|Dp;yc+t:¤pxp:&p:nlnucbn®tD ²
 ]oku|]«kuyt;srs]`t;t;vp:n$rthrs]`cfnqpD{cbyD±
ÆcPp:cf|t;v`|cbsv`c z  klrs]rs]`c+xot;xp:p:rskut;vwt:¤	p;|t;m`ysrsku|f ^pcy8klvUp z m`|brklvxocycbv`|c²t:¤pmovok¬¤­t;sa
®tD ²±tvt;²ysm`|] p@adcDp:v®tD ²rs]`cdrskladcZ¦Ø]p:sadt;voku|dnlklv`cDp:skl£Dc zwk monucbc¶mp:rskut;v`yPc z m`|c6klvrtUp©y&|Dp:nqp:
|t;vc|brc z µ#cbnla6]`t;nlrs£¢c¶<mp:rskut;vh¤Mt;rs]`c¨xocyysmoc±Ê#t;rc¨rs]p:r	rs]`cbc^kuyv`t z k¬¹H|bmonlr {hrtfycbrrs]`c¡xot;¥onucba
klvp¨¥t;mov z c zPz t;aHp:klv²¤­t;àrs]okuyxp:srsku|bmonqp: |Dp;ycDrs]p:voÉOyrtrs]`c #klsku|]onucbr'¦Ørt:¦ºÊ#cbmoaHp:vovm_ #rÊxaBt;xBcb&p:rt;D±
â$â¯Ôyz+{ !éö
e   ,i!
	qp	pTV!p

µ#tD ¨cbcbDrs]`cPxcb'¤Mc|brsnl{UaHp:r|]`c z nqp{cby#]pcrs]`cklvrcbcysr#rt³¥BcPcbs{Uyskla6xonucrtHkla6xonucbadcbv<r(_0nut3|Dp:n a
|t;a6xp:c z rt #rÊ|t;v z klrskut;v`yD±È·|brsmp:nlnl{ ¡cwp:kla p:rHcZ}Orcbv z klvo rs]okuy³adcbrs]`t z rt»c|brt;skqp:n+|Dp;ycyD
klv<t;nl<klvo³adt;cfcbv`cb&p:nà®tD y°±\^]okuyxt;klvr klnln$¥Bc+rs]`c²t;¥Osc|brt:¤p¤Mt;srs]`|t;a6klvoHxp:xBcbD±
Æ¸]`cbv p:xoxonl{<klvoªrs]`cg+ %, f.0, _ .wÀ^ÁbcbvocbDÂÃyfa~ÄwÅyrtrs]`c@|t;vc|brc z µ#cbnla6]`t;nlrs£©c¶<mp:rskut;v
klv p z m`|brD¡pwyskla6xonuc@adt z p:n¢p:vp:nl{3yskuyhys]`t° y6rs]p:rhrs]`c@xocycbv`|c½t:¤8rs]`c©yt:¦º|Dp:nlnuc z klv<cbyc©mox`ysrscDp:a
adt z cyPxot z m`|cyhp:vLcZ}OxBt;v`cbv<rskqp:n¡¥onut° ^¦ØmoxLt:¤rs]`c³yt;nlmorskut;vLklv rs]`cHyxp;|cdp:skqp:¥onuc±\^]okuyPkuycDp;ys{»rt
ycccbadcbaP¥cbsklvo³rs]`cPklvrcbsxocbr&p:rskut;v»t:¤	rs]`cP~ÄwÅy#p;y8pd|t;a6xonucZ}U|&]p:voct:¤p:skqp:¥onuc b CO:e`T@DOdº±
\^]okuy³|]p:vocwt:¤#p:skqp:¥onucU|t;scysxt;v z ydrt p»yskla6klnqp:sklrº{ p:xoxonlkuc z t;v rs]`c«pJ}Okqp:n ^pcbvmoa¥Bcby½t:¤+rs]`c
adt z cyD±v`t;frs]`ch|bnqp;yyku|Dp:nµ#cbnla6]`t;nlrs£dc¶<mp:rskut;vàrs]okuyfyskla6klnqp:sklrº{waHp:Écy²p:nln	t;morst;klvo½adt z cy+¥c|t;adc
cbp:v`cy|cbvrD±+À¨mor#klv«xocycbv`|ct:¤	®tD ²rs]`crs&p:v`y'¤­t;saHp:rskut;v»ycbv z y¢rs]`cklvcby&cmox`yrscDp:a¯adt z cy#klvrt
rs]`cº¥p z xp:srt:¤rs]`c²|t;a6xonucZ}½xonqp:v`conucDp z klvoHrthrs]`c²klv`ysr&p:¥oklnlklrskucy¢t;¥`ycbsc z klvrs]`c+rskladc z t;aHp:klv±
\^]`c¨k z cDp8xot;xtyc z ]`cbc; ]oku|]hkuyyskla6klnqp:rt8rs]`c¨t;v`cy z cbcbnut;xBc z klv z cbxcbv z cbvrsnl{¤­t;rskladc z t;aHp:klv
p:xoxonlku|Dp:rskut;v`y«klv bÝox@bedº8|t;v`ykuysry½klvp:xoxonl{3klvo pLrs&p:v`ysnqp:rskut;v ¥cZ¤Mt;cªrs]`c»yskla6klnqp:sklr { rt¿rs]`c pJ}3kqp:n
 ^pcbvmoa¥Bcby°±\^]okuy	cbadt°cyrs]`cxocycbv`|ct:¤mov`ysr&p:¥onucadt z cyD±  r	 klnlno¥c^cZ¤­cbc z rt+klv6rs]`c¨¤Mt;nlnut° klvo
p;yx  ~ÄwÅyD±
\^]`cwt;¥Osc|br³t:¤²rs]okuydxp:xcb@kuydrs]`c«p:vp:nl{Oyskuy@t:¤frs]`c«|t;v<cbscbv`|cwt:¤f¥t;rs] ~ÄwÅ adt z cbnuy°p;ydrs]`c
rs]oku|&É<v`cyyft:¤¡rs]`cyxBt;vocnqp{cb+rcbv z y+rt@klvO´`voklrº{±i<kla6klnqp:²|t;vcbscbv`|cHp:vp:nl{Oycy#]pc6p:nlcDp z {w¥Bccbv
|Dp:sskuc z t;mor^¤­t;^rs]`cfµ8cbnla6]`t;nlrs£²c¶<mp:rskut;vO3kqp¥Bt;mov z p:s{@klvrcb&p:n$c¶<mp:rskut;v½rc|]ovoku¶<m`cyklvwbÝ@!d$t;^rs]`c
xt;nucH|t;v z klrskut;vLklv bA@PCdº±½i<mosxoskuysklvonl{ ¡cHxotDcHrs]p:rD$¤­t;²rs]`c³|t;vc|brc z µ8cbnla6]`t;nlrs£©c¶mp:rskut;vrs]`c
r  ¡tadt z cbnuy^p:nl ¨pD{3y^|t;v<cbsc±  vHt;rs]`cb¡ ¨t; z yDO|t;vrs&p:s{³rt²rskladc z t;aHp:klv©p:xoxonlku|Dp:rskut;v`yD3rs]`c8xocycbv`|c
t:¤mov`ysr&p:¥onucfadt z cy z t3cyv`t;r¢peuàc|brrs]`c²cZ¹H|bkucbv`|b{½t:¤|bnqp;y&ysku|Dp:n~ÄwÅyD±
v klvp:nlnl{Onucbr^m`ycba6xo]p;yskl£Dc#rs]p:rDOklv©adtysr^xp:xBcby^|t;v`|cbsvoklvoH~ÄwÅy¨¤­t;¡rskladcZ¦Ø]p:sadt;voku|p:xoxonlku|Dp:rskut;v`yD
|t3cZ¹H|bkucbvryp:c z cysklv`c z klvt; z cb rt8yép:rskuy'¤0{+c¶<moklcbadcbvry	cysr&p:¥onlkuy]`c z ¤­t;rskladc z t;aHp:klv6p:xoxonlku|Dp:rskut;v`yD±
Æc«ys]`tD ¯rs]p:rHrs]okuy@|]`t;ku|c«kuydrt3t»cysrssku|brsklc«¤Mt;Hklv`ysr&p:v`|crs]`c½xp:srsku|bmonqp: z cbxcbv z p:v`|cUt:¤frs]`cyc
|t3cZ¹H|bkucbvry8cbp: z klvoHrs]`c#¤Mc¶m`cbv`|b{©]p;yv`thadt;cæm`ysrsk¬´|Dp:rskut;vU¤Mt;rs]`c²xocycbvr¢|Dp;y&c±
\^]`cPt;morsnlklv`cPt:¤rs]okuyxp:xBcb¢kuyp;y^¤Mt;nlnut° yD±
k ¶mp:rskut;v`y#t:¤ rs]`cPy|Dp:rsrcbsklvoHxot;¥onucbap:cfxocycbvrc z klvyc|brskut;vªO±· ¤Mt;samonqp:rskut;vUklv«ph¥t;mov z c z
z t;aHp:klvÈkuy@klcbvklv<t;nl<klvo #rÊ |t;v z klrskut;v`y½t;v¸rs]`c´|brsklrskut;m`y©¥t;mov z p:skucyD ]oku|&] p:cwcZ}Oxonlku|bklrc z
rs]ot;mo]«adt z p:n$cZ}Oxp:v`yskut;v`yD± v klvp:nlnl{ors]`c² ¡cbnln¬¦Øxtyc z v`cyykuyxotDcbvUm`yklvovoc z ]`t;nla rs]`ct;s{±
Q¡nqp;y&ysku|Dp:n8p:v z v`cb  ~Ä«Å rc|&]ovoku¶m`cy°¡ klrs] |t;v`ysr&p:vr@|t<cZ¹H|bkucbv<ryDp:c z cy|bskl¥c z klv yc|brskut;v 
rs]p:voÉOyfrtp@adt z p:np:vp:nl{3yskuy°rs]`cychnqp{cbyp:c6ysÉcbr|]`c z rt©¥cºxBcb'¤­c|brsnl{waHp:r|]`c z ±dÀ^cysk z cyDrs]`cb{
p:cPp:¥`y&t;s¥oklvo``cZ}O|cbxor¢rs]`c²|bnqp;yysku|Dp:n~ÄwÅy¢klvxocycbv`|c²t:¤rs]`cfyt:¦º|Dp:nlnuc z klv<cbyc²mox`ysrscDp:a adt z cyD±
i3c|brskut;v e»kuy z cbt;rc z rt»rs]`cp:vp:nl{Oyskuydt:¤+rs]`ccbst; z m`c©rtrs]`c©rssmov`|Dp:rskut;v t:¤+rs]`c½nqp{cbyD± ·¢v
c¶<mokl;p:nucbv<r¤Mt;samonqp:rskut;vdt:¤rs]`c¨xot;¥onucba  klrs]6~Ä«Å$ykuy  sklrsrcbv6klvhrs]`c¡xo]{Oysku|Dp:n z t;aHp:klvrs]`c¨rs]oku|É3v`cyy
t:¤rs]`c^nqp{cby¨p:xoxBcDp:sklvo²klv6rs]`ccZ}Oxocyyskut;vdt:¤rs]`c#klsku|]onucbr'¦Ørt:¦ºÊ#cbmoaHp:vov©aHp:x`yD±\^]okuy¡p:nlnutD yrt+xot°c
rs]p:r¥Bt;rs]L~ÄwÅ adt z cbnuy|t;v<cbsc@rtrs]`c³xo]{Oysku|Dp:n¡yt;nlmorskut;vp;yPrs]`cHnucbvors]¿t:¤rs]`cHnqpD{cbyPrcbv z yrt
klvO´`voklr {±HÄwt;chxoc|bkuycbnl{$rs]`c6cbst;Pklvrs]`chxo]{Oysku|Dp:n z t;aHp:klv z t3cyfv`t;r z cbxcbv z t;v»rs]`cd~Ä«Å adt z cbn
mov z cb|t;v`ysk z cb&p:rskut;v6p:v zPz c|bcDp;ycy cZ}3xt;v`cbvrskqp:nlnl{²¤­p;ysr¤Mt;¥t;rs]Padt z cbnuyD± Ê8t;rc]`tD ¡cbcbrs]p:r |bnqp;yysku|Dp:n
~ÄwÅynucDp z rtdp:vcZ}3xt;v`cbvrskqp:nlnl{©nqp:scfyt;nlmorskut;vklv½rs]`c+nqpD{cbyDo ]`cbcDp;yrs]`cfy&t;nlmorskut;vU|t;a6xomorc z  klrs]
v`cb ~Ä«Åy¢kuycbp:v`cy|cbvrklvUrs]`c+nqp{cbyD±
k }3rcbv`yskut;v@rtfrs]`c8|Dp;yct:¤ànqp{cby¡ klrs]³ysxp:rskqp:nlnl{6p:s{3klvo|t3cZ¹H|bkucbvry¡kuy z kuy|bm`yy&c z klv³yc|brskut;vB²p:v z
v<moadcbsku|Dp:nklnlnlm`ysrs&p:rskut;v`y#p:cfklcbvklv½rs]`cfnqp;yryc|brskut;v±
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v klmoct@	\^]`cfklvO´`voklrc z m`|brD±
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Åcbr½m`y½|t;v`ysk z cb½rs]`cªklvO´`voklrcªsklk z z m`|brD+|Dp:ss{3klvo p adcDp:vÈ®`mok z ®t° ²+ys]`tD v klv¸´`mocl@±\^]`c
xot;¥onucbakuy6pUr  ¡t:¦ z kladcbv`yskut;vp:n#t;v`cycbrhklv¿rs]`c435xonqp:v`c ]`cbc©rs]`c3 _0cyx±65-apJ}Okuykuyxp:&p:nlnucbn
_0cysx±v`t;saHp:n art³rs]`cP ^p:nlnuy#t:¤rs]`c z m`|brD±¢Äªp:rs]`cbaHp:rsku|Dp:nlnl{rs]`c z m`|br#kuy z cZ´`v`c z ¥<{rs]`cPmov<¥Bt;mov z c z
z t;aHp:klv M87:9(;=< >2?A@CBØ ]`cbcD@ z cbv`t;rcy¢rs]`c z kuysr&p:v`|cf¥cbrº ¨ccbvUrs]`c²yt;mov z ]p: z  ¨p:nlnuyD±
\$t z cy|bskl¥Bc#rs]`c+xot;xp:p:rskut;vwt:¤p;|t;m`ysrsku|+ ^pcyklv½rs]`c z m`|brDO ¨cPp;yysmoadc#rs]`c#¤­t;nlnutD klvo³p:xoxotD}3k¬¦
aHp:rskut;v`yrt6¥c+p:nlk z 
E \^]`c+®`mok z kuy]`t;adt;cbv`ct;m`yD`v`t;vU<kuy|t;m`y8p:v z v`t;v]`cDp:r¢|t;v z m`|brsklc±
E \^]`cfrs]`cbsadt z {3vp:a6ku|²xot3|cyycy¢p:c²p z kqp:¥p:rsku|±
E \^]`cfadcDp:vUcbnut<|bklr {4F)G+kuyymo¥`yt;voku|²p:v z movok¬¤­t;sa±
E \^]`cfxcbsrsmos¥p:rskut;v`y+p:cfysaHp:nlnp:v z c¶<mp:rskut;v`y¢p:cfnlklv`cDp:klvUrs]`c²p;|t;m`ysrsku|²¶<mp:vrsklrskucyD±
E · ]p:sadt;voku|²rskladc z cbxcbv z cbv`|cHJICKMLONQP"R,SUTZVRXW8>¥cbklvodrs]`c+xomonuy&p:rskut;vkuyp;yysmoadc z _­p:nlrs]`t;mo]
rs]okuy¤­p;|brt;kuyymoxoxocyyc z rs]ot;mo]`t;morfaZ±
\^]`c#p;|t;m`yrsku|¢xocyymoc´cbn zDY LZ3M?O5[Trs]`cbv©y&p:rskuy'´cy¡rs]`c#|t;vc|brc z µ8cbnla6]`t;nlrs£fc¶<mp:rskut;v³klv@rs]`cklvO´`voklrc
z m`|br
L]\^N`_bacTd a Y
d 3 ae
d a Y
d 5 aeXf
PhgC_ d Y
d 3 e
gCa Y 7ji«klv Mk?_ @8a
 ]`cbc!imlon a L M^Tkuyp|t;a6xp;|brsnl{PymoxoxBt;src z ¤0mov`|brskut;v6p:v z _p7:F)GrqtsJGp:v z gu7vRwqtsAG¨p:ccysxc|brsklcbnl{
rs]`c²Äªp;|]v<moaP¥cb_]N\yxz_ x{\eap:v z rs]`cf ^pcbvmoa¥BcbD|sJG+¥cbklvodrs]`c²yt;mov z cbnut3|bklrº{©klvrs]`cf®`mok z ±
 vp zoz klrskut;v»rt _ @8aZrs]`cxocyysmoccbsk¬´cy+rs]`chÊ8cbmoaHp:vov»]`t;adt;cbv`ct;m`yP¥Bt;mov z p:s{w|t;v z klrskut;vt;vªrs]`c
rº ¨tdsklk z  ^p:nlnuy¢t:¤rs]`c z m`|br^}m7 d M 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